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Abstract

In this paper we analyze strongly 2-absorbing prime ideals (shortly
strongly 2-API), strongly 2-absorbing weak prime ideals (shortly strongly
2-AWPI) and 2-absorbing weak prime ideals (shortly 2-AWPI) in a
non-commutative ring, which represent generalization of prime ideals
(shortly PI) in a non-commutative ring. The relationship between the
strongly 2-API and the 2-absorbing prime ideal (shortly 2-API) is ex-
amined. We provide examples to illustrate the new concept of strongly
me1-system and strongly mg2-system as well as the relationships beween
them. Let I be an ideal of #Z and .# be a strongly mgi1-system such
that IN.# = ¢. Then there exists a strongly 2-API & of % containing
I such that Z N .# = ¢. We prove that & is a strongly 2-API if and
only if @ ohofs C & implies that @ C P or o C P or o3 C P for
all ideals @4, 2% and o/ of #.

1 Introduction

Numerous studies have described various forms of ideals in alge-
braic structures like semirings [1] and rings [2]. Noether expanded on the idea
of ideals that Dedekind had developed for the theory of algebraic numbers in
order to include associative rings. Good and Hughes first presented the idea of
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bi-ideals for semigroups in their 1952 [3]. Additionally, it is a specific instance
of (m,n)-ideal introduced by Lajos. Many authors [4, 5, 6] have described
different classes of semigroups using bi-ideals. Lajos and Szasz introduced
bi-ideals for associative rings [7]. Quasi ideals are generalizations of both left
and right ideals. The concept of quasi-ideals was introduced by Otto Steinfeld
[8] for semigroups and rings in 1956. There are numerous ways to characterize
PIs in semirings [1]. Although it has been used extensively in the theory of
commutative rings, the study of non-commutative rings did not use the PI
concept much. McCoy has analyzed several aspects of Pls in general rings [2],
[9] . The role of Pls in the semiring theory and the ring theory is mentioned in
[10, 1, 11]. Various ideals based on semigroups, semirings, ternary semirings
are analyzed by Palanikumar et al. [12, 13, 14, 15, 16]. In 2021, Palaniku-
mar et al. [17] introduced the novel idea of prime k-ideals in semirings. Also,
Palanikumar et al. discussed several kinds of prime and semiprime bi-ideals
of a ring [18] in 2021.

Walt [19] explored the prime and semiprime bi-ideals of unity-based associa-
tive rings in 1983. The results of prime and semiprime bi-ideals of associative
rings with unity were extended to associative rings without unity by Roux [20]
in 1995. In 2005, Flaska, Kepka, and Saroch provided some characterizations
of bi-ideals in simple semirings [21]. The ideal theory of commutative semir-
ings with non-zero identities was described by Atani [22] in 2012. In order to
examine the factorization in a commutative ring with zero divisors, Anderson
and Smith [23] established the concept of weakly PIs in a commutative ring.
Badawi was the first to introduce the idea of 2-absorbing ideals, which is a
generalization of PIs in commutative rings [24]. There are various methods
to generalize Galovich’s idea of a PI in 1978. An ideal p in Z is a PI if and
only if the complement of p in & is an m-system. The characterization of PIs
plays an important role in the sequel. In 2013, the topic of weakly 2-absorbing
ideals of commutative rings was studied by Badawi et al. [25]. The new idea
of weakly 2-absorbing ideals in non-commutative rings was introduced by Ma-
lik Bataineh et al. [26] in 2018. For an ideal & of a commutative ring %,
the following propositions are equivalent: (i) & is 2-absorbing ideal, (ii) For
ideals @, .o and o3 of # with @bty C P, then either & .oty C P or
oty C P or ehats C . For rings that are not always commutative, it is
obvious that (ii) does not require (i).

In this paper, the PI concept in a non commutative ring approach is
broadened to analyze a strongly 2-API in a non commutative ring. The article
is divided into the following four sections. An introduction is the section 1,
the section 2 contains some preliminaries. Also, the strongly 2-API in non
commutative ring is presented in section 2. Strongly 2-AWPI in a non com-
mutative ring is discussed in section 3 along with several examples. Section 4
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provides a conclusion of the article. The purpose of this paper is,

1. To show that strongly 2-API implies 2-API, but the converse implication
is not valid see Example 2.8.

2. To show that strongly m,;-system implies strongly mgo-system and its
reverse implication is not valid see Example 2.13.

3. To establish that strongly 2-API implies strongly 2-AWPI, but opposite
implication is not true see Example 3.4.

4. To prove that every strongly 2-AWPI is a 2-AWPI, but reverse implica-
tion fails see Example 3.6.

2 Preliminaries and Strongly 2-APIs

Throughout this paper, Z denotes a non-commutative ring unless otherwise
specified. We recall some basic notions that we use in what follows.

Definition 2.1. [2] (i) A proper ideal &2 of Z is called PI if o)ty C P,
then either oy C P or oty C P for ideals <, and ot of X.

(ii) A proper ideal & of XZ is called weakly PI if 0 # e/ aots C P, then either
o C P or oy C P for ideals oy and ot of K.

Definition 2.2. [26] (i) A proper ideal & of X is called 2-absorbing ideal
(shortly 2-Al) if o atosts C P, then either oy ots C P or sbsls C P or
oty C P, for ideals o, oy and 3 of X .

(ii) A proper ideal & of Z is called weakly 2-Al if 0 # ooty C P, then
either oy oty C P or gty C P or sty C P, for ideals oy, oty and 3 of
Z.

Definition 2.3. [24/,/25] (i) A proper ideal & of a commutative ring R s
called 2-Al if whenever a,b,c € R and abc € &, then either ab € & or
bce &P, orace .

(i1) A proper ideal & of a commutative ring R is called weakly 2-AI if whenever
a,b,c € R and 0 #£ abc € P, then either ab € & or bc € &, or ac € L.

Lemma 2.4. [2] For x € #, (i) The ideal generated by “x” is defined as
<x>={nz+sx+at+> sizt;in € N,s,t,8;,t; € Z}.

(ii) The right ideal generated by “x” is defined as < x >,.= {nz + > xt;|n €
N, t; € %}

(111) The left ideal generated by “x” is defined as < x >;= {nx + > t;z|n €
N,t; € %}

Now, we present various kinds of 2-APIs and m-systems.
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Definition 2.5. (i) A proper ideal & of Z is called a strongly 2-API if
aZbFc C P impliesa € & orbe P orce P fora,b,c € X.

(i1) A proper ideal P of # is called a 2-API if of) otoots C P implies oy oy C
P or gaals C P or oty C P for ideals oy, oty and ot of X.

Definition 2.6. (i) A subset 4 of X is called strongly mq1-system if for any
a,b,c € M, there exist ri,r9 € X such that aribroc € M .

(i) A subset M of Z is called strongly meas-system if for any three ideals
oo and 5 of # with ShHNM # ¢, DHABNM # ¢ and S A3NM F ¢,
then there exists a € @/),b € o5 and ¢ € /3 such that abc € A .

Theorem 2.7. If & is a strongly 2-API of Z, then & is a 2- API of %.

Proof. Suppose that & is a strongly 2-API of Z and @/ ety C P, for
the ideals .27, o5 and .o/ of #. Let us shows that @ .97 C P or wlhats C P or
o3 C P. Suppose that ohofs & P and o3 € &2. Then there exist a; €
o ,b1 € o5 and ¢, c; € o3 such that bic; € @hats \ P and aic € Ao\ P.
This implies that bijc; € & and ayjc € &. We show that .o C P. Let
ab € ot ats. Thus (ab) C oA ofs. Now, (ab)Z(brc1)%(a1c) C Aoty C P.
This implies that (ab) C &. Therefore @ ofs C . Thus & is a 2- API of
.

The converse of the Theorem 2.7 is not true as we can see from the following

Example.
a,b,c € Zs }

Let & = (8 8) , <8 (1)> is a 2- API, but not a strongly 2-API of Z. We

1 1 1 1 0 1 1 1 11 0 1
have <O O) X (0 1) X (0 1) C Z, but (0 0) , (0 1) and (O 1) o4
8

Theorem 2.9. If & is a proper ideal of Z, then & is a strongly 2-API of
X with unity if and only if ooty C P implies oy C P or oy T P or
o3 C P for all ideals <1, Ao and /5 of XZ.

Proof. Suppose that & is a strongly 2-API of #Z and o/ ooty C &, for
the ideals @7, 2% and @3 of %. Let us show that @ C £ or o C & or
o3 C Z. Suppose that @b € & and o3 € &. Then there exist b € o4 and
¢ € of3 such that b ¢ & and ¢ € &. We show that & C P. Let a € 4.
Now, aZb%c € ot othat3 C 2. This implies that a € &. Therefore o) C Z.

Conversely, suppose that @ .o%.ofs C &2 implies that &y C & or o/ C &

Example 2.8. Consider the ring £ = { (8 i)
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or @3 C & for the ideals &, 9% and @73 of Z. Suppose that aZbZ%c C P .
Then ZaRVR R C RPR C P. Also (BaR)(ROR) (R cR) = RaR*0R* R
RaHRVRcH C ZP. This implies that Za# C P or bR C P or BcH C P.
Hencea€e P orbe & or c € &. Hence & is a strongly 2-API of Z.

Theorem 2.10. If & is a ideal of #, then & is a strongly 2-API if and only
if Z\ & is a strongly mgi-system.

Proof. Let & be a strongly 2-API of #. Let us show that # = Z\ £ is
a strongly mgi-system. Let a,b,c € Z\ &£. Thusa & Z,b¢ & and c & Z.
Hence aZb%c ¢ &. Then there exist r1,ry € #Z such that aribrac € .
Thus ar1brac € A . Hence Z \ & is an strongly mg;-system.

Conversely, Let Z\ & is a strongly mg1-system. Suppose that aZbZc C
. Let us shows that a € P orbe L or c € . Suppose that a € b & &P
and c € &. Now, a,b,c € Z\ L. Since Z\ & is an strongly mg;-system, then
there exist 71,7y € % such that aribroc € Z\ . Since aribrac € a%bZ%c C
&. Thus aribrac € &, which is a contradiction. Hence a € &2 or b € & or
c € &. Therefore & is a strongly 2-API of Z.

Theorem 2.11. If & is a ideal of Z, then P is a 2-API if and only if Z\ &
18 a strongly mgo-system.

Proof. Let & be a 2-API of #. Let us show that # = #Z\ & is an
strongly mgo-system. Let @7, @% and @73 be the ideals of Z with @/j . olo N M #
O, Sodls N M # ¢ and A o5 N\ M # ¢. Hence o ooty € . Then there
exist * € &, y € 9 and z € o such that zyz ¢ . Thus zyz € Z\ .
Hence Z \ & is a strongly ms-system.

Conversely, Let Z\ & be a strongly mo-system. Let o7, o/ and 2% be the
ideals of Z and o eloats C 2. Let us shows that & .oy C P or wlpals C P
or o) of5 C . Suppose that .o & P or ooty P or o3 € &. This
implies that @7 .olo N\ M # ¢, Soals N\ M # ¢ and A o3 N M # ¢. Since A
is an strongly m,o-system, then there exist a € &, b € % and ¢ € &/ such
that abec € 4. Since abc € @ ooty C &P, which is a contradiction. Thus
oty C P or aloats C P or dhots T P, Hence &2 is a 2-API of %.

Lemma 2.12. FEvery strongly mq1-system is a strongly mgo-system.

Proof. Suppose that . is a strongly mg;-system. Let x,y € .#, there ex-
ist r1, 79 € X such that xriyroz € M. Let x € dh N M, y € oot3NAM and
z € 3N M, for ideals o, oty o3 of Z. This implies that x = aby, y = bey
and z = agce. Since xriyrez € A implies that (abyry)(beirs)(aszc) € A and
hence abc € 4. Therefore 4 is a strongly mgo-system.

Converse of the Lemma 2.12 need not true by the Example.
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Example 2.13. Consider the ring % = { (8 l;) a,b,ce Zg},

e ={ (5000 06 D0 ) feeme

1 1 10
system, but mot a mg1- system. For x = (O O) Y = (O 1) and z =

(8 (1)> € M, but there are no r1,r79 € Z such that xriyroz € M .
Theorem 2.14. Let I be an ideal of Z and A be a strongly mqi-system with
INA = ¢. Then there exists a strongly 2- API & of # containing I with
PNM = .

Proof. Let X = {J|J is an ideal with I C J and J N .#Z = (b} Clearly
X is non-empty. By Zorn’s lemma, there exist an maximal element & in Z
with I C . We claim that & is a strongly 2- API of #. Suppose that
<a><b><c>C . Let us show that a € P or b€ & or ¢c € &. Suppose
a, by cg€ Pimply X C P4+ <a> P CP+<b>and P C P+ <c>.
By maximal property, then (Z+ < a >)NA # ¢, (P+ <b>NM # ¢
and (Z+ < ¢ >)NM # ¢. The ideal P+ < a >, P+ <b>and P+ <c >
contains an element m1, mo and mg respectively of .#. We have m; € (P+ <
a>\NAM, my € (P+ <b>)NM and m3 € (P+ < c>)NM. Since A is a
strongly mg1-system, then there exist r1,ry € Z such that myrymoroms € A .
But myrimarams € (Z+ < a >)(P+ < b >)(P+ < ¢ >) is an ideal. But
(Z+<a>)(P+<b>)(P+<c>) =P+ <a><b><c>C Z. Thus
PN M # ¢, which is a contradiction to X N = ¢. Thus, < a >< b ><
c>Z &. Hence & is a strongly 2- API of Z.

Theorem 2.15. Let I be an ideal of Z and M be a strongly mgo-system with
INA = ¢. Then there exists a 2- API & of Z containing I with PNM = ¢.

Proof. Let X = {J|J is an ideal with I C J and J N .#Z = (b} Clearly
X is non-empty. By Zorn’s lemma, there exist an maximal element & in Z
with I C &2. We claim that &2 is a 2- API of #. Suppose that < a ><
b><e¢>C Z. Let us show that < a >< b >C P or < b >< ¢ >C Z or
<a><c>C P Suppose that < a >< b >Z P, <b>< ¢ >Z & and
<a><c>Z Z. This imply that < a > &, <b>Z & and < ¢ > Z.
Hence ¢ 4+ <a> £ C P+ <b>and & C P+ < ¢ >. By the
maximal property, (4 < a >)N M # ¢, (P+ < b >)NA # ¢ and
(P+ <c>NH # ¢. Then o = P+ < a >, o = P+ < b > and
oy = P+ < ¢ > are ideals of Z. Hence 1o N M = (P+ < a >< b >
YN M # ¢, osts N M = (P+ <b><c>NM# ¢and o5 N M=
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(P4 < a><c>NM # ¢. Since A is a strongly mgo-system, then there
exist a1 € (Z+ < a >), by € (P+ <b>)and ¢ € (P+ < ¢ >) such
that a1bici € 4. But ajbic; € («@—F <a >)(=@+ <b >)(=@+ <c >) =
P+ <a><b><c¢>C . Thus £ N.A # ¢, which is a contradiction to
PNAM=¢. Thus, <a><b><c>Z L. Hence & is a 2- API of Z.

3 Strongly 2-AWPIs

Here, we present various kinds of 2-AWPIs and weak m-systems.

Definition 3.1. (i) A proper ideal & of Z is called a strongly 2-AWPI if
0#axRy#z C P, thenx € P orye P orze P forz, y, z€X.

(i) A proper ideal P of X is called a 2-AWPI if 0 # 212525 C P, then
P12 C P or 2523 C P or Z1%3 C P for ideals 21, Z> and Z3 of Z#.

Definition 3.2. (i) A subset A of X is called weak mgq1-system if for any
ideals Z1, Zo and Z3 of Z with 21N\ M +# ¢, ZoN M + ¢ and ZsNM # ¢,
then either Z1 22 %3 =0 or 212223 N M # .
(ii) A subset M of Z is called weak mqz-system if for any three ideals Z1, 22
and 23 of Z with 2122 N M # ¢, X2 X3 N M # ¢ and 21 X3 N M F# ¢,
then either Z1 25 %3 =0 or Z125%3 N M # ¢.

Theorem 3.3. If & is a strongly 2-API of Z, then &2 is a strongly 2- AWPI
of %#.

Proof. Straightforward.

The converse of the Theorem 3.3 is not true as we can see by the following

Example.
a,b,c € 7o } .

0 O) } is a strongly 2- AWPI, but & is not a strongly 2-API

Let & = { (0 0
. 11 0 0 1 0 11 0 0
of #. Since <O 0> X <O 1) Z <O O) C £, but (O O) , <0 1> and

10
0 0> g 7.
Theorem 3.5. If & is a strongly 2-AWPI of #, then & is a 2- AWPI of Z.

Example 3.4. Consider the ring Z = { <8 I;)

Proof. Suppose that & is a strongly 2-AWPI of & and 0 # 212225 C
P, for the ideals 27, Z5 and 23 of #. Let us shows that 2725 C & or
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ZoZs C Por Z1%Z3 C L. Suppose that 2523 € P and 2123 € . Then
there exist 1 € 27, y1 € 22 and z, z; € 25 such that y12; € 2525\ &
and 1z € Z1%Z3 \ &. This implies that y129 € & and 212 &€ &. To
Show that 2125 C £. For all zy € 21%5. Thus (zvy) C 21 %25. Now,
0 # (zy)Z(y121)%(x12) C 2122 %3 C . This implies (vy) C . There-
fore Z1 %5 C &. Thus & is a 2- AWPI of #.

The converse of the Theorem 3.5 is not true as we can see by the next
Example.

Example 3.6. Consider the ring Z = { (Z 2)

a,b,cEZg}.

Let & = <8 8) , <(1) 8) } is a 2- AWPI, but not strongly 2-AWPI of %.

. 00 0 0 10 0 0 00 10
Since <O 1> X <1 1) X <1 O) C Z, but (O 1) , <1 1) and (1 0) g
.

Theorem 3.7. If & be a proper ideal of Z, then & is a strongly 2-AWPI
of Z if and only if 0 # 21 Z>Z3 C & implies that 21 C &P or Z5 C & or
Z3 C P for all ideals 21, Z> and Z3 of Z#.

Proof. Suppose that 0 # 212525 C & implies that 27 C & or
Zo C Z or X3 C £ for the ideals 27, Z5 and 23 of Z. Suppose that
0 # axRZy#z C P. Then 0 # RrxRYR2:H C XPHE C &P. Also 0 #
(RxR)(RYR) (%2 R) = RxR*yR*2 R C RxRyR>% C . This implies
that Za# C &P or By# C &P or Zz% C &. Since Z is a ring with unity,
hence z € Z ory € & or z € &. Hence & is a strongly 2-AWPI of Z.

Conversely, suppose that & is a strongly 2-AWPI of Z and 0 # 271 22 %35 C
P, for the ideals 27, Z5 and Z3 of Z. Let us shows that 27 C P or Z5 C &
or Z3 C &. Suppose that Z5 € & and Z3 € &. Then there exist y € 25
and z € 23 such that y € & and z ¢ . Let us show that 27 C . Let
x € Z1. We have 0 # s ZyZ#z € Z1 X223 C &. This implies that z € Z.
Therefore 27 C 2.

Theorem 3.8. If & is a ideal of #, then & is a strongly 2-AWPI if and
only if Z\ P is a weak mg-system.

Proof. Let & be a strongly 2-AWPI. In order to show that # = 2\ &
is an weak mg1-system, let 27, Z5 and Z3 be ideals of Z. If 21 25%Z3 = 0,
there is nothing to prove. Assume that 27 25 %23 # 0. Suppose that Z1N.# #
¢, ZonN M # ¢ and 3N .M # ¢. We claim that 2722235 € &. Suppose
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that 0 # 212523 C &. Since & is a strongly 2-AWPI of # this implies
that 21 C P or 25 C Por 23 C L. Thus Z1NAM =¢or ZonNH = ¢
or 3N .# = ¢, which is contradiction . Hence 2712523 ¢ £ implies
(21 22%23) N A # ¢. Therefore Z \ & is a weak m1-system.

Conversely, Let Z \ & be a weak m,i-system. Let 27, £2 and 23 be
the ideals of # such that 0 # 2725235 C &. Let us shows that 27 C &
or Zo C Y or Z3 C &. Suppose that 27 € &, 25 € & and Z3 € Z.
This implies that 21 N4 # ¢, ZoN M # ¢ and L3N A # ¢. Since A
is a weak mg1-system and 27 2525 # 0, then (21 22%23) N A # ¢. Since
21 Z2%Z5 C 2, implies that (21 2223) N4 = ¢, which is a contradiction.
Thus Z1 C P or Z5 C L or Z3 C Z. Hence & is a strongly 2-AWPI of Z.

Theorem 3.9. If & is a ideal of Z, then & is a 2-AWPI if and only if Z\ &
18 a weak Mmgo-system.

Proof. Let 27,25 and 23 are ideals of Z. If 21 25%3 = 0, there
is nothing to prove. Suppose that 272> N A # ¢, ZoZ3 N M # ¢ and
21 3N # ¢. We claim that 27 2223 € . Suppose that 0 £ 271 2223 C
. Since & is a 2-AWPI of & this implies that 2725 C &L or X2 %3 C &
or Z1%3 C . Thus 212N M = ¢por ZoZsNM = ¢or Z1X3N0N M = ¢,
which is a contradiction . Hence 27 22%25 € & implies that (21 22%23) N
M # ¢. Therefore Z\ & is a weak mgo-system.

Conversely, let Z \ & be a weak mgo-system. Let 27,22 and 23 be
ideals of #Z such that 0 # 212223 C &. Let us shows that 2125 C &
or o235 C P or 2143 C Z. Suppose that 2125 € P, ZoX3 € &
and 2123 € &. This implies that 2125 N A # ¢, X2 X3 N M # ¢ and
13N M # ¢. Since A is a weak mgo-system and 27 2523 # 0, then
(2L 25)N M # ¢. Since 2125 %5 C &2, implies that (271 22 Z3)NAM = ¢,
which is a contradiction. Thus 2725 C & or 2323 C &P or 2123 C A.
Hence &7 is a 2-AWPI of Z%.

Lemma 3.10. FEvery strongly mg1-system is a weak mg1-system.

Proof. Suppose that .# is a strongly mgi-system. Let 27 N .# #
¢, ZonN M # ¢ and Z3s N .M # ¢, for the ideals 27, 22, Z3 of Z. Then
there exist x € 27, y € Z5 and z € Z3 such that z, y, z € 4. Since 4 is a
mq1-System, then there exist 1 €< x >, y;3 €<y > and z; €< z > such that
x1y121 € A . This implies that 272523 N A #+ ¢, since x1y121 €< © ><
y>< z>C 21 25Z5. Therefore A is a weak m;-system.

The converse of the Lemma 3.10 is not true as we can see by the next
Example.
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Example 3.11. Consider the ring % = (8 l;) a,b,ce Zg},

{6 060696060606 )

) 1 1
18 a weak mg1- system, but not a strongly mq1- system. For x = (0 O) Y =

(8 é) and z = <(1) 8) € M, but there is no ri,r2 € Z such that xriyrez €
M

Lemma 3.12. Every weak mgi-system is a weak mgqs-system.

Proof. Suppose that .# is a weak m;-system and 27 ZoNA # ¢, ZoZ3N
M F# ¢ and 2123 N M # ¢ for the ideals 27, Z3 and 23 of Z. Let us
show that 212223 N M # ¢ or 212223 = 0. If 2125235 = 0, then
nothing to prove. Suppose that 272523 # 0. Since 27 C 2125 implies
2N M C XN M # ¢. Hence 21 N A # ¢, similarly 25N A # ¢ and
X3 N .M # ¢. Since A is a weak mgi-system, thus 27 2> 23 N M + ¢.

The converse of the Lemma 3.12 is not true as we can see by the following
Example.

Example 3.13. Consider the ring % = { (Z (c)) a,b,c e ZQ}.

= {006 0C 060000

1S a weak mgqs-system, but not a weak mq1-system.

Theorem 3.14. Let I be an ideal of # and M be a weak mg-system with
INA = ¢. Then there exists a strongly 2- AWPI & of % containing I with
PNNM = .

Proof. Let &) = {J|J is an ideal with I C J and JN.Z = QS}. Clearly
&/, is non-empty. By Zorn’s lemma, there exists an maximal element & in
Z with I C &. We claim that & strongly 2- API of Z. Suppose that
0#£< x><y >< z>C L. Let us show that x € P ory € L or z € L.
Let z, y, 2z ¢ &. We have ¥ C P+ <z >, £ C P+ < y > and
P C P+ < z>. By the maximal property, (Z+ <z >)NA # ¢, (P+ <
y>)N M # ¢and (P+ < z>N M # ¢ Let 21 = P+ < x> 2y =
P+ <y >and Zs5 = P+ < z > We have 212223 = (P+ < = >
WP+ <y >)(P+ <z >) #0, since < z >< y >< z ># 0. Since
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M is a mgi-system, and 27 2>Z3 # 0, then 212223 N A # ¢. But
(P+<x>)(P+<y>)(P+<z>=P+<z><y><z>CF. Thus
22 X5 = (P+ < x>)(P+ <y >)(P+ < z>) C L. This implies that
Z1 %o F3N P° = ¢ and hence X1 25 %3 N A = ¢, which is a contradiction.
Hence < z >< y >< z >Z #. Therefore & is a strongly 2- AWPI of Z.

Theorem 3.15. Let I be an ideal of # and M be a weak mgqz-system such
that I N .# = ¢. Then there exists a 2- AWPI & of % containing I with
PNNM = .

Proof. Let o] = {J|J is an ideal with I C J and J N .#Z = (Z)} Clearly
27/ is non-empty. By Zorn’s lemma, there exist an maximal element & in Z
with I C . We claim that & is a 2- AWPI of Z. Suppose that 0 #< & ><
y>< z>C P, Let us show that < x ><y >C P or <y >< z >C & or
<z >< z>C P Suppose that < z >< y >Z &, <y >< z >Z & and
<x><z>Z . This imply that < x >Z &, <y >Z & and < z >Z P.
Hence ¥ C 4+ <z >, P C P+ <y >and & C P+ < z >. By the
maximal property, we have (Z+ <z >N # ¢, (P+ <y >)NM # ¢
and (P+ < z>N M # ¢. Let 21 = P+ <z > 25 =P+ <y > and
23 = P+ < z > beideals of Z. Hence 21 22N M = (P+ <z ><y>)N
MFE b, XN = (P+ <y><z>NM#Pand 21 25NM = (P+ <
x>< z>)N M # ¢. Since A is a weak mgyo-system and 27 2223 # 0, it
follows that 21 22 %3N A # ¢. But 212223 = (P+ <z >)(P+ <y >
WP+ <z2>)=P+<z><y><z>C L. Thus N A # ¢, which is a
contradiction. Thus, < z >< y >< z >Z . Hence & is a 2- AWPI of Z.

4 Conclusion

In this article, the strongly 2-API, 2-API, strongly 2-AWPI and 2-AWPI are
studied. The PI in a non-commutative ring is also characterized. We discuss
some of their key properties and provide descriptions of some of them in terms
of their m-systems. We also analyze connections between strongly 2-API, 2-
API and strongly 2-AWPIs. As a future study, we intend to study several
classes of semirings and ternary semirings using strongly 2-absorbing prime
bi-ideals, 2-absorbing prime bi-ideals, strongly 2-absorbing weak prime bi-
ideals and 2-absorbing weak prime bi-ideals and 2-absorbing maximal prime
bi-ideals.
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